We report simultaneous measurement of the complete set of elastic and piezoelectric coefficients of lithium niobate (LiNbO 3 ), which has trigonal crystal symmetry ͑3m point group͒ and thus six independent elastic-stiffness coefficients C i j , four piezoelectric coefficients e i j , and two dielectric coefficients i j . We used a single specimen: an oriented rectangular parallelepiped about 5 mm in size. Our measurement method, acoustic spectroscopy, focuses on the crystal's macroscopic resonance frequencies and is sensitive to any property that affects those frequencies. We overcame the principal obstacle to precise measurements-mode misidentification-by using laser-Doppler interferometry to detect the displacement distribution on a vibrating surface. This approach yields unambiguous mode identification. We used 56 resonances ranging in frequency from 0.3 to 1.2 MHz and determined the C i j and e i j with known i j . The ten unknowns always converged to the same values even with unreasonable initial guesses. The C i j uncertainty averages 0.09% for the diagonal C i j . The e i j uncertainty averages 5%. All our coefficients fall within the ͑surprisingly wide͒ error limits of previous ͑conventional͒ measurements.
I. INTRODUCTION
Not occurring naturally, all crystals of lithium niobate are cultured. Its ferroelectricity was discovered in 1949. 1 Its crystal structure and physical properties received intense study at Bell Laboratories. [2] [3] [4] [5] [6] Today, lithium niobate finds wide use as an electrooptical material. Its superior piezoelectric performance makes it a frequent replacement for quartz. As described by Weis and Gaylord, 7 lithium niobate enjoys a wide range of device applications that exploit its favorable elastic, piezoelectric, dielectric, acousto-optical, electro-optic, pyroelectric, photoelastic, and photovoltaic properties.
Crystals with 3m point-group symmetry show six independent elastic-stiffness coefficients ͑in contracted notation͒ Measuring the ten independent coefficients C i j and e i j presents a formidable task. As an example of previous studies, we cite Smith and Welsh, 11 who showed that a complete set of coefficients could be obtained from ultrasonic phasevelocity measurements coupled with low-frequency capacitance measurements for the dielectric coefficients. These authors emphasize that this approach sometimes fails and then one must measure the electromechanical coupling factor and the natural frequencies of resonating bars. Of the ten coefficients, only six result from direct measurements. Their labyrinthine set of equations emphasizes the need for many measurements on many crystals in many orientations.
Here, we propose a method that yields all ten elastic and piezoelectric coefficients with a single frequency sweep on a single monocrystal. This approach was suggested by Dunn, Ledbetter, and Heyliger, 12 who showed that for lithium niobate large differences exist between resonance frequencies predicted by an elastic model and a dielectric-piezoelectric model. By measuring resonance frequencies very accurately, the elastic and piezoelectric coefficients should be obtainable.
Our measurement method uses acoustic spectroscopy, often called resonance-ultrasound spectroscopy. [13] [14] [15] Our main improvement over previous measurement protocols was to use laser-Doppler interferometry to determine the displacement figure for each resonance, thus to identify unambiguously each resonance mode.
II. MEASUREMENTS

A. Crystal
From Z. Li ͑then at Argonne National Laboratory͒, we obtained an oriented monocrystal measuring 5.039 mm by 5.070 mm by 4.973 mm. Laue x-ray diffraction confirmed orientations within the measurement uncertainty of 1°. The three sets of orthogonal faces were perpendicular to ͓1010͔, ͓1210͔, and ͓0001͔ directions, along which we take the x 1 , x 2 , and x 3 axes, respectively. Using Archimedes's method and distilled water as a standard, we found a mass density ϭ4.636 g/cm 3 . From handbooks one finds cϭ13.856 Å, aϭ5.147 Å, and ϭ4.633 g/cm 3 , essentially identical with our measured density. The ͓0001͔ direction constitutes a threefold rotation axis, which contains three mirror planes, one perpendicular to ͓1010͔ in the standard setting. Within the x 1 Ϫx 2 plane, all physical properties are isotropic ͑trans-verse isotropy͒, thus C 22 ϭC 11 , e 24 ϭe 15 , 22 ϭ 11 , and so on.
B. Method
Acoustic spectroscopy, [13] [14] [15] measures the macroscopic resonance frequencies of a simple-shape specimen. Usually, one uses this method to determine the elastic-stiffness coefficients. However, one can use it to determine any property coupled to the macroscopic resonance frequencies. These include: ͑1͒ shape; ͑2͒ dimensions; ͑3͒ mass or mass density; ͑4͒ elastic stiffnesses; and ͑5͒ orientation. Thus, the resonance spectrum represents a ''fingerprint'' of many interconnected properties. If the specimen is piezoelectric, then other properties enter:
͑6͒ piezoelectric coefficients and ͑7͒ dielectric coefficients. In general, contributions of the last two properties to the macroscopic resonance frequencies are much smaller than those of the elastic stiffnesses, and precise measurements of the resonance frequencies are required to deduce them. Most acoustic-spectroscopy measurements sandwiched the specimen corners between two transducers for the acoustic transduction, which restrains the specimen's displacements and raises the resonance frequencies from those at free vibrations. Hence, we use a piezoelectric tripod consisting of two pinducers for generation and detection of vibration, and one just for support ͑Fig. 1͒. The specimen is put on the piezoelectric tripod, without external forces except for its own weight. Contacts between the specimen and pinducers are therefore weak and stable, ensuring high reproducibility of the resonance-frequency measurements. We kept the specimen temperature at 30Ϯ0.02°C so that the reproducibility among completely independent measurements was better than 10 Ϫ5 . Acoustic-microscopy disadvantages include the need for a well-shaped specimen and the mode-misidentification problem. The latter has not been overcome. Successful determination of the material's properties requires finding exact correspondence between the observed and calculated resonance modes, that is, mode identification. If this is wrong, the resultant properties are physically meaningless. However, it has never been straightforward because measured resonance spectrum contains a large number of resonance peaks, providing no mode information. On the other hand, the calculation can tell the resonance modes. Then, one has to know beforehand the material's properties close to the true values to correctly compare the measurements with the calculations, otherwise mode misidentification easily occurs.
For correct mode identification, we used a laser-Doppler interferometer as shown in Fig. 1 to scan the displacement on a surface. A He-Ne laser beam was focused on the specimen surface ͑focal diameter: 15 m͒. The reflected beam enters the Doppler interferometer, which detects the normal component of the velocity at the focal point. The velocity is easily converted into the displacement because of harmonic oscillation. Because lithium niobate is a transparent material, we deposited a 100 nm aluminum film on the ͑0001͒ surface after completing the measurements of the resonance frequencies. The deposition shifted the resonance frequencies slightly, but the effect was so small that the mode correspondence between before and after deposition was unambiguous. Further details appear elsewhere. 16 
III. INVERSE CALCULATION
The governing equations expressing the interconnectivity of the elastic and electric properties are
Here and S denote the stress and the engineering strain in contracted notation. E denotes electric field, D electric flux density, and ẽ ik ϭe ki . The electric field can be divided into a rotational component and an irrotational component ͑or quasistatic field͒. In the megahertz-frequency region, the rotation component is negligible and the quasistatic electric field dominates, 18 which is expressed by the electric potential as
The simplest way to see the interconnectivity of these properties is to consider the equation of motion of plane waves traveling along the direction lϭ(l 1 
For the piezoelectric case,
͑8͒
Solving Eq. ͑7͒ yields three positive real eigenvalues v 2 . Thus, the elastic stiffnesses are increased by the piezoelectric effect, that is, piezoelectric stiffening. The stiffness increases depend on the vibration mode. Equation ͑8͒ indicates that the stiffness modification is caused by the combination of the piezoelectric and dielectric coefficients, not by them independently. Therefore, with mechanical spectroscopy, one cannot determine the e i j and i j separately. However, the dielectric coefficients can be measured easily using lowfrequency capacitance measurements.
To deduce the elastic and piezoelectric properties simultaneously, we perform an inverse calculation for the measured and calculated resonance frequencies following Ohno, 21 who presented a calculation method of the macroscopic resonance frequencies of a quartz rectangular parallelepiped crystal ͑32 point-group symmetry͒. He used linear combinations of the basis functions consisting of the normalized Legendre polynomials to express approximately the actual displacements u i and electric potential in the vibrating specimen, for which analytical solutions are unavailable
Here
P l denotes the normalized Legendre polynomial of degree l and L i denotes the edge length along the x i axis of the rectangular parallelepiped. Lagrangian minimization with a Rayleigh-Ritz approach [13] [14] [15] [21] [22] [23] [24] [25] determines the macroscopic resonance frequencies together with the associated sets of coefficients a k . The rectangular-parallelepiped lithium niobate crystal has four vibration groups denoted by A g , B g , A u , and B u according to the deformation symmetry. 21, 26 The elastic-piezoelectric interconnectivity leads to a corresponding symmetry of the electric potential as well, which differs from that of quartz. Because the symmetry of the deformation and electric potential is governed by   FIG. 2. Resonance spectrum. By an inverse calculation, the resonance frequencies yield the elastic and piezoelectric coefficients. 
the degree of the Legendre polynomial ͑Even or Odd͒, we can divide free vibrations into the four groups by evaluating the Legendre-polynomial degrees as shown in Table I . Choosing proper combinations of basis functions reduces calculation time. We included the Legendre polynomials with degree up to 12. The total number of the basis functions is 400-500 for each group in this case. We stopped the iterative calculation when the change of the rms error between the measured and calculated resonance frequencies became less than 5ϫ10 Ϫ6 . This is the criterion of the convergence of the inverse calculation.
We focus especially on the coefficients a k . They reveal the displacement distribution on a specimen surface, which is a signature of an individual mode. Thus, comparison between the measured and computed displacement distributions guarantees correct mode identification. Figure 2 shows the measured resonance spectrum. For each mode, we fitted the Lorentzian function around the peak amplitude to determine the resonance frequency. Figure 3 shows measured resonance frequencies versus calculated by two models: piezoelectric and nonpiezoelectric. The difference between them permits determination of the piezoelectric coefficients. Figure 4 shows examples of the measured and computed displacement distributions on the x 3 surface. Excellent agreement permitted correct vibration-mode identification. A few modes showed poor agreement and we omitted them from the inverse calculation. Totally, we used 56 completely identified modes. Concerning the dielectric coefficients, we averaged the reported values and fixed them as 11 ϭ398.9ϫ10 Ϫ12 and 33 ϭ232.0ϫ10 Ϫ12 F/m 2 . Table II compares the measurements and calculations after convergence. Their rms difference was 0.09%. The converged material coefficients are shown in Table III together with previously reported values.
IV. RESULTS
V. DISCUSSION
First, we discuss the accuracy of our results. Four principal errors arise: ͑i͒ errors in the resonance-frequency measurement (Ͻ0.001%), ͑ii͒ dimension errors (Ͻ0.01%), ͑iii͒ crystal misorientation errors ͑less than 1°͒, and ͑iv͒ calculation errors ͑0.09%͒. Thus, the maximum error lurks in the calculated resonance frequencies. Such a material coefficient that contributes little to the resonance frequencies compared with the error would not be determined with good accuracy. Table III shows the average contributions of the ten coefficients, (q/ f ‫ץ()‬ f /‫ץ‬q), where q means C i j or e i j . The contribution of e 31 is the smallest ͑0.16%͒, but it is still larger than the calculation uncertainty by a factor 1.8. Using their contributions and the calculation errors for each resonance mode, we estimated possible errors included in the result. These also appear in Table III . All our coefficients fall within the error limits of previous ͑conventional͒ measurements. The calculation error can be decreased by increasing the number of basis functions, but this drastically increases the computation time.
Second, we discuss the insensitivity of our results to the initial ͑guessed͒ values. The results given in Table III come from the initial set given by Dan'kov et al. 27 However, even with initial sets far away from the true values, the inverse calculation produced exactly the same results, owing to unambiguous mode identification. ͑The displacementdistribution patterns were hardly affected by the initial values as demonstrated in Ref. 16 .͒ For example, use of the following unreasonable initial guesses, C 11 ϭ230, C 33 ϭ200, C 12 ϭ60, C 13 ϭ80, C 44 ϭ40, and C 14 ϭ15 GPa; e 15 ϭ5.0, e 22 ϭ1.0, e 31 ϭ0.1, and e 33 ϭ3.0 C/m 2 , little affected the computed displacement patterns and resulted in coefficients that agreed with those in Table III within 0.02% for the C i j and 0.2% for the e i j .
Finally, we emphasize the importance of correct mode identification. Most studies with acoustic spectroscopy identified an observed mode by comparing only its frequency with calculations. In this procedure, mode misidentification certainly occurs unless excellent initial values are known in advance. Such misidentification, even for a few modes, affects highly the derived piezoelectric coefficients because of their weak contributions. For example, we made the inverse calculation using the initial set given by Warner, Onoe, and Coguin, 28 simplemindedly pairing the closest resonance frequencies between measurements and calculations without re- ferring to the vibration patterns. Misidentification occurred for seven modes and the resulting C 14 , e 31 , and e 33 disagreed with the correct values by 11%, 72%, and 25%, respectively, although other coefficients agreed within 3%. Thus, mode misidentification can be fatal when deducing a property that contributes little to the macroscopic vibrations.
VI. CONCLUSIONS
͑1͒ We made the simultaneous determination of the six elastic coefficients and four piezoelectric coefficients of lithium niobate from a single specimen by using acoustic spectroscopy. We measured the macroscopic resonance frequencies with accuracy better than 0.001% and identified almost all observed ͑56͒ modes by measuring the displacement distributions on a surface using a laser-Doppler interferometry.
͑2͒ Our values are consistent with those reported previously using conventional measurement methods where the values range widely.
͑3͒ Our values are insensitive to the initial guessed set of coefficients, which are needed at the beginning of the inverse calculation. Even unreasonable guesses resulted in the same answers, owing to right mode identification. On the other hand, even good initial values failed to produce the correct answer with modes misidentified.
͑4͒ Acoustic spectroscopy represents a viable alternative to conventional methods of measuring piezoelectric coefficients. Its principal advantages are simultaneous determination of the C i j and e i j on a single specimen. This provides enormous advantages for making measurements versus temperature, pressure, or stress. Also, measurements on specimens smaller than a millimeter would present few difficulties.
